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1. Introduction. $\mathbb{M}_{k}$ $k\cross k$
$|\cdot\rangle$ Hilbert norm $\Vert\cdot\Vert_{2}$
$\mathbb{M}_{k}$ positive semi-definite matrix cone $\mathbb{M}_{k}^{+}$
tensor $\mathbb{M}_{m}\otimes \mathbb{M}_{n}$ $m=n$
$\mathbb{M}_{n}\otimes \mathbb{M}_{m}$ : $A=[\alpha_{j,k}],$ $B=[\beta_{j,k}]\in \mathbb{M}_{n}$
$\mathbb{M}_{n}\otimes \mathbb{M}_{n}\sim \mathbb{M}_{n}(\mathbb{M}_{n})\sim \mathbb{M}_{n^{2}}$
$A\otimes B \sim [\alpha_{j,k}B]_{j,k}\sim[\alpha_{j,k}\beta_{p_{\rangle}q}]_{j,p;k,q}.$
$\mathbb{M}_{n}(\mathbb{M}_{n})$ $n\cross n$ matrix entry $n\cross n$ block-matrix
$A,$ $B\in \mathbb{M}_{n}^{+}\Rightarrow A\otimes B\in \mathbb{M}_{n^{2}}^{+}$
3 cone $\mathbb{M}_{m}\otimes \mathbb{M}_{n}$
$\mathfrak{P}0$ $:=\mathbb{M}_{n^{2}}^{+},$ $\mathfrak{P}_{+}:=$ Conv $(\mathbb{M}_{n}^{+}\Theta \mathbb{M}_{n}^{+})$ , $\mathfrak{P}-;=$ dual cone of $\mathfrak{P}+\cdot$
$T\in \mathfrak{P}-\Leftrightarrow^{def}T=T^{*},$ $\langle T|S\rangle\geq 0$ $\forall S\in \mathfrak{P}+\cdot$
$\mathfrak{P}+\subset \mathfrak{P}_{0}\subset \mathfrak{P}-$
$\mathfrak{P}+$ $\mathfrak{P}-$ dual cone $\mathfrak{P}_{0}$ selfdual
Matrix $T\in \mathfrak{P}_{0}$ $\mathfrak{P}+$ $T$ separable
entangled $T$ separable
$T=\sum_{p}A_{p}\otimes B_{p} \exists A_{p}, B_{p}\in \mathbb{M}_{\gamma}^{+}$
$\mathfrak{P}+$ separability cone
$\mathbb{M}_{n}$ linear map $\mathfrak{L}(\mathbb{M}_{n})$ $\mathbb{M}_{n}(\mathbb{M}_{m})$ :
$\mathfrak{L}(\mathbb{M}_{n})\ni\Phi\sim C_{\Phi}:=[\Phi(E_{j,k})]_{j,k}\in \mathbb{M}_{m}(\mathbb{M}_{n})$ .
$E_{j,k}(j, k=1,2, \ldots, n)$ $\mathbb{M}_{n}$ matrix unit $\mathbb{C}^{n}$ canonical
O. $N$ . $e_{j}(j=1,2, \ldots, n)$ $E_{j,k}=e_{j}e_{k}^{*}$ vector
$x,$ $y\in \mathbb{C}^{n}$ column vector $\langle y|x\rangle=y^{*}x$ $xy^{*}$
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$\mathbb{M}$
$\mathfrak{L}(\mathbb{M}_{n})$ norm Hilbert-Schmidt norm
block-matrix $C_{\Phi}$ linear map $\Phi$ Choi matrix
Linear map $\Phi$ positivity $\Phi(\mathbb{M}_{n}^{+})\subset \mathbb{M}_{n}^{+}$ familiar
$\Phi$ completely positivity $\Phi$ super-positive
$\Phi(X)=\sum_{p}\langle A_{p}|X\rangle\cdot B_{p} \exists A_{p}, B_{p}\in \mathbb{M}_{n}^{+}$
3 positivity 3 cone Choi matrix
:
$\Phi$ super-positive $\Leftrightarrow$ $C_{\Phi}\in \mathfrak{P}+,$
$\Phi$ completely positive $\Leftrightarrow$ $C_{\Phi}\in \mathfrak{P}_{0},$
$\Phi$ positive $\Leftrightarrow$ $C_{\Phi}\in \mathfrak{P}-\cdot$
completely positive cone $\mathfrak{P}0$ Choi [1]
$E:=[E_{j,k}]_{j,k}$ $I$ $:=I_{n}\otimes I_{n}$ (identity matrix) $E$ identity map
$X\mapsto X$ Choi matrix $I$ linear map $X\mapsto Tx(X)$ $I_{n}$ Choi matrix
$E\in \mathfrak{P}0$ $I\in \mathfrak{P}+$
Linear map $\Phi$ positivity cone $\mathfrak{P}-$
- 2 linear map composition
Lemma trivial
Lemma 1.
(i) $\Phi,$ $\Psi$ positive $\Rightarrow$ $\Psi\circ\Phi$ positive.
(ii) $\Phi$ super-positive, $\Psi$ positive $\Rightarrow$ $\Psi 0\Phi,$ $\Phi\circ\Psi$ super-positive.
Linear map super-positivity
Lemma 2. (Horodecki’s [3]) $\Phi$ positive
$\Phi$ super-positive $\Leftrightarrow$ $\Psi\circ\Phi$ completely positive $\forall$ positive $\Psi$
I $\Vert\cdot\Vert_{2}\leq 1$ separable :
Theorem 3. (L. Gurvits and H. Harnum [2]) $T=T^{*},$ $\Vert T\Vert_{2}\leq 1$ $\Rightarrow$ $I+T\in \mathfrak{P}+\cdot$
\S 2. Properties of the cone $\mathfrak{P}-\cdot$ $T=T^{*}$ $\mathfrak{P}0$ eigenvalue
$\mathfrak{P}-$ Theorem
3 dual form
Theorem 4. $T\in \mathfrak{P}-$ $\Rightarrow$ $h(T)\geq\Vert T\Vert_{2}.$
Ortho-projection $P$ $P\in \mathfrak{P}+$ $p\perp:=I-P\in \mathfrak{P}+$
Theorem 3
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Theorem 5. Ortho-projection $P$ , rank(P) $=1$ $\Rightarrow$ $p\perp\in \mathfrak{P}+\cdot$
$\mathbb{M}_{n}$ transposition map $X\mapsto X^{T}$ positive Linear map $\Phi\in$
$\mathfrak{L}(\mathbb{M}_{n})$ Choi matrix $T=[T_{j,k}]_{j,k}$ linear map $X\mapsto\Phi(X^{T})$ Choi
matrix $[T_{k,j}]_{j,k}$ $(j, k)$-block-entry $(k, j)$ -block-entry
$\mathbb{M}_{n}(\mathbb{M}_{m})$ $T^{\tau}$ partial trnaspose $(A\otimes B)^{\tau}=A^{T}\otimes B$
$\mathfrak{P}_{+}^{\tau}\subset \mathfrak{P}+$ dual $\mathfrak{P}-\subset \mathfrak{P}-$ $\mathfrak{P}_{0}^{\tau}\not\subset \mathfrak{P}_{0}$ .
$E\in \mathfrak{P}0$ $E^{\tau}\not\in \mathfrak{P}_{0}$
I $E$ matrix eigenvalue :
$E\in \mathfrak{P}0 \sigma(E)=\{n,\hat{0^{n^{2}.-1},0}\},$
$\wedge\frac{n(n+1)}{2}\sim\frac{n(n-1)}{2}$





matrix separability Lemma 2
Theorem 6. (A.O. Pittinger and M.H. Rubin [4]) $I+E\in \mathfrak{P}+$ $I-E\in \mathfrak{P}-\cdot$
partial trace map $\varphi_{i}(\cdot)i=1,2$ $\mathbb{M}_{n}\ni X\mapsto X\otimes I_{n}\in$
$\mathbb{M}_{n}\otimes \mathbb{M}_{n}$ positive hnear map adjoint map $\varphi_{1}(\cdot)$
$\mathbb{M}_{n}\otimes \mathbb{M}_{m}$ $\mathbb{M}_{n}$ positive linear map
$\langle X\otimes I_{n}|T\rangle=\langle X|\varphi_{1}(T)\rangle \forall X\in \mathbb{M}_{m}, T\in \mathbb{M}_{n}\otimes \mathbb{M}_{n}$
partial trace map $\varphi_{2}(\cdot)$
$\langle I_{n}\otimes Y|T\rangle=\langle Y|\varphi_{2}(T)\rangle \forall Y\in \mathbb{M}_{m}, T\in \mathbb{M}_{n}\otimes \mathbb{M}_{n}$
$\mathbb{M}_{n}\otimes \mathbb{M}_{n}$ $\mathbb{M}_{n}$ positive linear map
$I+E$ linear map $\Phi(X)$ $:=$ Tr $(X)\cdot I_{n}+X$ Choi matrix Theorem 6
super-positive $\Phi$ Choi matrix $T$ positive map $\Psi(\cdot)$
compose Choi matr $\varphi_{1}(T)\otimes I_{n}+T$ , compose
Choi matrix $\varphi_{2}(T)\otimes I_{n}+T$ Lemma 1 Theorem
6
Theorem 7.
$T\in \mathfrak{P}-$ $\Rightarrow$ $\{\begin{array}{l}\varphi_{1}(T)\otimes I_{n}+T\in \mathfrak{P}+ and I_{n}\otimes\varphi_{2}(T)\otimes I_{n}+T\in \mathfrak{P}+,\varphi_{1}(T)\otimes I_{n}-T\in \mathfrak{P}_{-} and I_{n}\otimes\varphi_{2}(T)\otimes I_{n}-T\in \mathfrak{P}-\cdot\end{array}$
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Separability
$T\in \mathfrak{P}+$ $\Rightarrow$ $\{\begin{array}{l}\varphi_{1}(T)\otimes I_{n}-T\in \mathfrak{P}+,I_{n}\otimes\varphi_{2}(T)-T\in \mathfrak{P}+\end{array}$
$T\in \mathfrak{P}0$ $\Leftrightarrow$ $\{\begin{array}{l}\varphi_{1}(T)\otimes I_{n}-T\in \mathfrak{P}0,I_{n}\otimes\varphi_{2}(T)-T\in \mathfrak{P}0\end{array}$
$T\in \mathfrak{P}0,$ $T^{\mathcal{T}}\in \mathfrak{P}0$ $\Rightarrow$ $\{\begin{array}{l}\varphi_{1}(T)\otimes I_{n}-T\in \mathfrak{P}0,I_{n}\otimes\varphi_{2}(T)-T\in \mathfrak{P}_{0}\end{array}$
\S 3. $\mathfrak{P}+$-best approximant. $T=T^{*}\in \mathbb{M}_{n}\otimes \mathbb{M}_{n}$
$\Vert S_{0}-T\Vert_{2}=\inf_{S\in 0}\Vert S-T\Vert_{2}$
$s_{0}\in \mathfrak{P}_{0}$ unique $S_{0}=T^{+}$ (positive part)
$T=S_{0}-(T-S_{0})$
$T$ Jordan $S_{0}$ $T$ spectre
cone $\mathfrak{P}0$ separability cone $\mathfrak{P}+$
$\Vert S_{0}-T\Vert_{2}=\inf_{s\in \mathfrak{P}+}\Vert S-T\Vert_{2}$
$s_{0}\in \mathfrak{P}+$ unique $T$ $\mathfrak{P}+$ -best approximant
$s_{0}$ $T$ $\mathfrak{P}+$-best approximant $T^{\tau}$ $\mathfrak{P}+$-best approximant $S_{0}^{\tau}$
Best approximation
Lemma 8. So $T$ $\mathfrak{P}+^{-}$best approximant
$S_{0}-T\in \mathfrak{P}-$ and $\langle S_{0}-T|S_{0}\rangle=0.$
$T$ $\mathfrak{P}+^{-}$best approximant Theorem 6
Lemma 8
Theorem 9.
(i) $E$ $\mathfrak{P}+$-best approximant $\frac{1}{2}(I+E)$
(ii) $I$ – $E$ $\mathfrak{P}+$ -best approximant $I-\frac{1}{n}E$
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